ABSTRACT A continuum model describing the steady-state actin dynamics of the cytoskeleton of living cells has been developed to aid in the interpretation of photoactivated fluorescence experiments. In a simplified cell geometry, the model assumes uniform concentrations of cytosolic and cytoskeletal actin throughout the cell and no net growth of either pool. The spatiotemporal evolution of the fluorescent actin population is described by a system of two coupled linear partial-differential equations. An analytical solution is found using a Fourier-Laplace transform and important limiting cases relevant to the design of experiments are discussed. The results demonstrate that, despite being a complex function of the parameters, the fluorescence decay in photoactivated fluorescence experiments has a biphasic behavior featuring a short-term decay controlled by monomer diffusion and a long-term decay governed by the monomer exchange rate between the polymerized and unpolymerized actin pools. This biphasic behavior suggests a convenient mechanism for extracting the parameters governing the fluorescence decay from data records. These parameters include the actin monomer diffusion coefficient, filament turnover rate, and ratio of polymerized to unpolymerized actin.
INTRODUCTION
Actin filaments are key structural components of cells. They are organized into cortical networks and bundles that maintain cell shape and fill all cellular protrusions such as lamellapodia, filopodia, and membrane ruffles. They are also highly dynamic. Purified actin at cellular concentrations and physiological salts and temperature spontaneously assembles into filaments. Under these conditions, monomers are thought to flux through filaments from the barbed to pointed direction as a consequence of the different affinities for monomers of the two filament ends. This process has been called treadmilling (Wegner, 1976) . This picture implies that filaments are regularly refurbished, or "turned over," with a fresh supply of monomer subunits.
Because of the presence of actin binding proteins it is unclear whether treadmilling occurs in cells; however, filament turnover still occurs. In most eukaryotic cells, irrespective of whether the cells are stationary or moving, only -50% of the total cellular actin is assembled into filaments (Bray and Thomas, 1976; Condeelis, 1992) . Unpolymerized actin is maintained in a non-polymerizable pool by stoichiometric interactions with soluble proteins such as thymosin ,B-4 (Nachmias, 1993; Safer et al., 1990) , profilin (Lassing and Lindberg, 1985) , cofilin, and others (see Sun et al. (1995) for a review). These monomer-sequestering proteins function in combination with proteins that cap the barbed ends of actin filaments to regulate the assembly kinetics of Received for publication 9 March 1995 and in final form 31 July 1995. Address reprint requests to Yanik Tardy at his present address, Biomedical Engineering Laboratory, Swiss Federal Institute of Technology, PSEEcublens, 1015 Lausanne, Switzerland. Tel.: 41-21-6938350; Fax: 41-21- 6938330; E-mail: tardy@eldp.epfl.ch. X) 1995 by the Biophysical Society 0006-3495/95/11/1674/00 $2.00 actin (Hartwig, 1992; Carlier et al., 1993) . Experiments have shown that filaments in both resting and moving cells are highly dynamic and that actin in the unpolymerized pool is constantly being exchanged into the filamentous pool as cytoplasmic polymers undergo cycles of assembly-disassembly. Such evidence of filament turnover has been obtained from incorporation studies of microinjected fluorescently labeled actin (Kries et al., 1979; Taylor and Wang, 1978) , from fluorescence recovery patterns in fluorescence recovery after photobleaching studies (FRAP) (Wang, 1985) , and more recently from fluorescence decay data in photoactivated fluorescence (PAF) studies Mitchison, 1991, 1992) .
Steps toward a quantitative characterization of actin dynamics in vivo have been made in studies measuring the diffusion of cytosolic actin monomer and the turnover rate of actin filaments. Investigators have attempted to measure these processes individually using PAF and FRAP (Wang et al., 1982; Kreis et al., 1982; Mitchison, 1991, 1992) . FRAP studies on monomer diffusion have employed the measurement protocol of Axelrod et al. (1976) . The theoretical development behind this protocol, however, considers self-diffusion and convection of a fluorescent species in an infinite domain and is inappropriate for measurements on cytoskeleton proteins because filament dynamics have not been considered. In previous PAF turnover measurements the experimental data have been interpreted assuming no contribution from monomer diffusion Mitchison, 1991, 1992) . Currently, turnover times are reported as half-times for fluorescence decay in PAF studies (Theriot and Mitchison, 1991) . Similarly, the Axelrod et al. (1976) protocol relates half-times for fluorescence recovery to diffusion coefficients. As will be shown in this paper, monomer diffusion and filament turnover both contribute to 1 674 the evolution of fluorescence in PAF and FRAP studies and thus half-times for fluorescence decay or recovery may not characterize either of these processes very well.
In Mitchison, 1991, 1992; Mitchison, 1989) . In these experiments, actin monomers are labeled with a nonfluorescent fluorophore derivative (caged actin) and microinjected into living cells. After incorporation of the injected actin into the endogenous cytoskeleton, the cell is flashed with a narrow band of UV light, converting the fluorophore in the band back to its fluorescent parent (for a review see Sawin et al., 1992 1) The cell cortex is modeled as having a rectangular geometry of constant thickness and uniform properties (Fig. 1) . The position along the cell is given by the spatial coordinate x. The photoactivated band width is denoted by w and the cell length by L. Given that the photoactivated band will be rectangular and spans the width of the cell, this approach reduces the problem to one dimension. This is the simplest geometric approach that can produce insights concerning the effects of the ends of the cell. Other refinements such as non-uniform thickness or properties (e.g., a nucleus) can be added to the model; these refinements will generally require a numerical solution of the resulting equations.
2) The actin is uniformly distributed across the cell. This ignores the presence of filament bundles as well as gradients in cortical actin (Giuliano and Taylor, 1994) . If cortical actin distributions are carefully quantified later, it will be a simple extension of the model to incorporate such data.
3) Two pools of actin are considered, a non-diffusing filamentous pool and a diffusable monomer pool. Filaments are considered immobile. This approach disregards the possibility of short diffusible actin filaments whose diffusion coefficient would be smaller than that of the monomer. However, cortical actin filaments of eukaryotic cells are highly cross-linked; therefore, the number of freely diffusing filaments should be small (Hartwig and Shelvin, 1986) . Provided there are no important chemical alterations, e.g., an increase or decrease in actin hydrophobicity, the presence of fluorophore labeling should not affect diffusion coefficients, as the ratio of the molecular weight of actin to that of the caged fluorophore is typically >100. Therefore, all monomers are considered to diffuse alike. 4) There is no net growth of the filamentous or monomeric pool. This is the steady-state assumption, which limits the applicability of the model to situations where there is no net polymerization or depolymerization of the cytoskeleton.
5) Finally, we postulate that the exchange rate of actin subunits between the two pools is uniform throughout the cell. Together with assumption 2, this suggests that filament turnover is uniform throughout the cell. This remains to be shown experimentally, but again we adopt this assumption for simplicity recognizing this as a possible area for future extensions of the model. The nondimensional form of the system suggests that the spatial and temporal evolution of the fluorescent populations depend upon the four parameters y, ,3, WIL, and xOWL. The last two parameters are geometrical parameters that can be selected before an experiment. In general, however, y and 13 are not known a priori. The parameter y gives the ratio of polymerized to depolymerized actin. A physical interpretation for ,3 can be obtained by observing that L2/26 is a characteristic time for free diffusion (based on the cell length) and that Cf/g is the characteristic residence time of a monomer in the filamentous pool, i.e., the filament turnover time. Therefore, (3 compares the time scales of the monomer diffusion and filament turnover processes.
Solution
An analytical solution of the coupled system of Eqs. 10 and 11 was found by using a Fourier-Laplace transform (see Appendix for the details of this procedure). 
where IO and Q are the excitation light intensity and the fluorescence quantum efficiency, respectively. Using Eq. 9, the definition of y, and normalizing with the maximum fluorescence Fo, we obtain a nondimensional fluorescence:
RESULTS

Concentration and fluorescence profile
We programmed Eqs. 12 and 16 to obtain the spatial and temporal evolution of fluorescence in the cell. A minimum of 400 terms was used in the calculations (sufficient to resolve short time solutions in the area of the slit). A sample solution is given in Fig. 2 . In this example, the fluorescent monomer population quickly diffuses away from the photoactivated band and the fluorescent filament population lags behind. Because the overall fluorescence is a weighted sum of these two, it lies between them. Note that the areas under the curves remain equal to coiL, indicating conservation of the fluorescent species.
Center-line decay
As seen in Fig. 2 , the maximum dynamic contrast in fluorescence over the course of an experiment (i.e., the difference between the initial and final fluorescence values) is obtained by making measurements at the slit center line. We therefore perform a parameter study by examining the evolution of center line fluorescence for different values of the parameters. The behavior of center line decay curves with varying ,B is given in Fig. 3 . For our purposes here, ,3 may be thought of as an index of filament turnover with high ,B indicating more rapid turnover. Note that the decay is clearly biphasic. For small times, all curves appear similar to the 13 = 0 curve. This curve corresponds to the case of no filament turnover. Without exchange between the two pools, the fluorescence contribution from the filaments is not dissipated. The final fluorescence level is given by Eq. 16 with c* = coiL and c* = 1. The decay here is simply due to monomer diffusion out of the slit. Physically, the biphasic nature of the curves can be understood in the following way. Immediately after the creation of the photoactivated band, there exists a pool of unpolymerized fluorescent monomer among the filaments. This pool is free to diffuse and gives the initial rapid drop in fluorescence observed in Fig. 3 . This region is termed the diffusion regime. For longer times, curves separate under the influence of 13, which can be thought of as an index of filament turnover with high 13 indicating rapid turnover. The long-term fluorescence decay is due to the liberation of fluorescent actin subunits from the filamentous pool and their subsequent diffusion. This region is termed the turnover regime.
As 13 becomes large compared with one, filament turnover is rapid compared with the time required for a fluorescent monomer to diffuse a distance L. In this limit, the concentration of fluorescent subunits in the polymerized and unpolymerized pools becomes equal. The rate of decay of fluorescence is now only dependent on the size of the diffusable monomeric pool compared with the size of the immobile filamentous pool (i.e., only dependent on y). This behavior is seen in Fig. 3 where the decay becomes independent of 13 for 3 >> 1.
Diffusion regime
The diffusion regime indicated in Fig. 3 is shown enlarged in Fig. 4 . On this scale, it is clear that the early fluorescence decay is not truly independent of 13. However, the dependence is weak enough that for a short period of time the free diffusion curve (curve 13 = 0 discussed in the previous section) can be thought as representative of any 1 > 0 curve. Any experimental curve can therefore be fit to the ,1 = 0 curve to measure the diffusive properties of actin monomer. The time window over which this approximation is valid to within a 10% uncertainty is written as t*0% and is indicated in Fig. 4 .
Because the diffusion regime represents an opportunity to probe the diffusion properties of the monomer population, Tardy et al. 
1 + This is an extremely convenient expression because it suggests that if the turnover rate is sufficiently slow (,B << w2/(1 + y)), the logarithm of the fluorescence intensity should drop linearly in time with a -13 slope, giving a direct measure of the rate of filament turnover. Furthermore, extrapolating the turnover regime decay to zero time gives ln(,y/(Qy + 1)), a direct measure of the ratio of polymerized to depolymerized actin. Note that in general roughly half of the actin in cells is polymerized so that y 1, and the criterion can be stated as 13 << 4 (Bray and Thomas, 1976; Condeelis, 1992) . Simulations have shown that the criterion can actually be applied up to 18 = 4 with little error. Assuming a monomer diffusion coefficient of i0-7 cm2/s (Wang et al., 1982) , and a cell length of 30 ,um, the criterion applies for filament turnover times longer than -1 min. One estimate of filament turnover times in living cells can be obtained from studies of microinjected fluorescently labeled The duration of the diffusion regime with varying slit position and width. tlo% is constant for a given wIL until about one slit width from the wall.
actin (Kreis et al., 1979; Taylor and Wang, 1978) . These studies have found that the injected actin incorporates into all levels of the cytoskeleton in <30 min, suggesting Eq. 20 will have great value in practice.
DISCUSSION
A continuum model describing the steady-state dynamics of the actin cytoskeleton has been developed to aid in interpreting fluorescence decay curves obtained in PAF experiments. The model demonstrates that, despite being a complex function of four parameters, the center-line fluorescence decay should be biphasic. Immediately after the creation of the photoactivated band, rapid diffusion of freely diffusing monomer contributes to a quick drop in fluorescence (the diffusion regime). The long-term fluorescence decay is due to the liberation of fluorescent actin subunits from the F-actin network during the slower process of filament turnover (the turnover regime). In Fig. 6 (1982) . The procedure used to determine diffusion coefficients from data records relates the time for 50% fluorescence recovery to the diffusion coefficient (Axelrod et al., 1976) . The present theory is in agreement with this interpretation so long as measurements are made wholly in the diffusion regime. This interpretation of the measurements will contain significant error, however, if the transition between the diffusion and turnover regimes occurs before 50% fluorescence levels have been reached. This reasoning may explain the significant variability in actin monomer diffusion coefficient estimates obtained in these studies (10-9 -10-7 cm2/s).
A careful analysis of the long-term fluorescence decay suggests this region can be studied to measure the ratio of polymerized to unpolymerized actin and the filament turnover rate (-y and 13) . A particularly simple analysis was shown to result for ,B < 4, which is thought to be a reasonable physiological limit.
The utility of our model is restricted by the idealizations used in formulating it (assumptions 1-5). Finally, the solution is obtained by taking the inverse Fourier transform of these two expressions. Because of the boundary condition the inverse transform reduces to a cosine transform and the final solution is
